(1.1) \\Uhrp={yI¿:\UÁP\ , ISPS«, where M = M i At) is the number of lattice points of the finite-difference grid.
It is the purpose of the present paper to note that the same sort of troubles can occur when investigating the consistency of an approximation to an initial-value problem containing singular coefficients. That is, straightforward replacement of derivatives by difference quotients may often result in schemes which are not consistent in the usual Lax-Richtmyer sense. As an example of this, consider the mdimensional, spherically symmetric diffusion equation (1.2) -^=d^+^^1^, osisr, at Qr r dr with initial and regularity conditions of the form (1.3) u(r, 0) = uoOr) and 3m (0, t)/dr = 0.
The spatial domain is an m-sphere of radius R, but the precise nature of the boundary conditions there need not concern us. A simple approximation to (1.2) is given by v(r, t + At) = v(r, t) + \[v(r + Ar, t) -2v(r, t) + v(r -Ar, t)]
where X = Ai/(Ar)2. We take v(r, 0) = u0(r) and utilize the regularity condition to specify that v(Ar -r, t) = v(r -Ar, t) when r -Ar < 0. It is well known (see [3] , for example) that the genuine solutions of (1.2) are analytic for t > 0 and are such that lim inf urr > 0 as r -> 0. This means that the function Ar-Urr/r appearing in (1.6) will not be in L2 for any Ar =¡= 0, and it follows that condition (1.5) cannot possibly be fulfilled. We therefore have Lemma 1. The difference approximation (1.4) is not consistent with the differential equation (1.2) when measured with respect to the L2 norm.
We do not, however, wish to abandon (1.4) and we shall therefore investigate consistency with respect to the mean pth power norm (1.1).
II. Sufficient Conditions for Mean pth Power Consistency. Let us consider a general initial-value problem of the form w(0) = «o and
where the Aklkr.-kQ are functions of x, and u is a P component vector. The corresponding finite-difference operator Ci At) must take the form
where the cklkr-.kQ are P X P matrices and T denotes the translation operator. Since
by the multinomial expansion, we may therefore write dxAdxA ■dxQ
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use We have therefore established Lemma 2. The difference scheme (1.4) is a consistent approximation to the diffusion equation (1.2) with respect to any mean pth power norm, 1 ^ p < °o.
Establishing convergence of (1.4) in the Mp norm is quite another matter, however. If we select midpoint spacing of the finite-difference grid (i.e. j<¡ = |), then the regularity condition (1.3) is enforced by the symmetry condition <v(Ar/2, t) = »(-Ar/2, i), and the corresponding difference matrices will take the form
if it is assumed, for example, that w(Ä, í) = 0. We note that when 0 ^ X l /(2m -1) and m ^ 2 all elements in (3.2) are nonnegative and therefore \\C\\mx = max \T.\Cii\\ = l.
This yields Lemma 3 . The difference scheme (1.4) for m 2: 2 with midpoint spacing is stable in the M«, norm if 0 ^ X ^ 1/(2to -1).
Unfortunately, we do not have the requisite consistency in the M" norm so as to be able to conclude the convergence of (1.4). As (1.2)-(1.3) is well posed, all we can say for now is that if 2?(i) denotes the solution operator, then (3.3) IMCHAÍ) -Eit)}uo\\Mp á HÍC-(AÍ) -.0(0}«oll*, = 0 (1) as Ai -* 0 and n At -* t for any continuous initial function w0.
